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CYCLOTOMIC PREPERIODIC POINTS FOR
MORPHISMS IN AFFINE SPACES AND
PREPERIODIC POINTS WITH BOUNDED HOUSE
AND HEIGHT
JORGE MELLO
Abstract. Under special conditions, we prove that the set of
preperiodic points for semigroups of self-morphisms of affine spaces
falling on cyclotomic closures is not dense. generalising results of
Ostafe and Young (2020). We also extend previous results about
boundness of house and height on certain preperiodicity sets of
higher dimension in semigroup dynamics.
1. Introduction
Let K be a field and AN(K) = KN be the N -dimensional affine
space over K. Let F = {F1, ..., Fs} be a set of distinct morphisms from
AN(K) to AN(K) of degrees di ≥ 2. Defining recursively
F1 = F , Fk =
s⋃
i=1
Fi(Fk−1)
with Fi(Fk−i) = {Fi ◦ G|G ∈ Fk−1}, i = 1, ..., s, the set
⋃
k≥1Fk be-
comes the semigroup generated by F1, ..., Fs under composition.
For P ∈ AN(Q), one defines Fk(P ) = {F (P )|F ∈ Fk} for k ≥ 1 and
the so-called forward F-orbit of P , namely
OF(P ) =
⋃
k≥0
Fk(P ).
In [11], when N = 1 and the maps are non-special polynomials,
Ostafe and Young proved finiteness of the set of algebraic numbers in
the cyclotomic closure whose forward F -orbit has a self-intersecting
trajectory, namely, such that
Fik ◦ ... ◦ Fi1(P ) ∈ Fl(Fik ◦ ... ◦ Fi1(P )) for k ≥ 0, l ≥ 1,
for ij ∈ {1, ..., s}. Such finiteness of certain preperiodic points on a
cyclotomic closure is a more general version of previous results from
Northcott [10], Kawaguchi [7, 8], Dvornicich and Zannier [5], and Chen
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[4], and provides another result in arithmetic dynamics that is analo-
gous to results in the classical setting of elliptic curves and their torsion
points, for which finiteness over cyclotomic closure was proved by Ribet
[12].
In this work, among other results, we seek to extend some results
of [11] to higher dimension affine varieties following similar strategies.
We prove in Section 3 a result of the following type
Let F = {F1, ..., Fs} be a set of distinct morphisms from A
N(K) to
AN(K) of degrees di ≥ 2, whose components do not have zero em com-
mon, and that satisfies a certain property (*) 2.4 defined further below,
namely that the degree of iterates composed with rational functions is
bounded by the number of non-constant terms. Then the set of cyclo-
tomic preperiodic points
{P ∈ AN(Kc)|Fik ◦ ... ◦ Fi1(P ) ∈ Fl(Fik ◦ ... ◦ Fi1(P )) for k ≥ 0, l ≥ 1}
is not Zariski dense ( is contained in the zero set of a finite set of
polynomials).
Using some more ideas of [11] and references therein, as well as useful
results about the size of elements in orbits discussed in Section 2, we
can extend [11, Theorem 1.9] to higher dimension, namely, proving that
the coordinates of the elements in the set
{P ∈ AN(Q)|Fn(P ) ∩ Fm(P ) 6= ∅ for some n 6= m}
have bounded house, and become algebraic integers after multiplied by
a certain positive integer depending only on F , provided that the mor-
phisms have the same degree. Such is also done in Section 3. One can
also look to such set in the context of more general polarized projective
varieties and associated Weil heights. In the case respective to when
all the degrees are equal, using properties of canonical heights con-
structed by Kawaguchi [7, 8], we can show boundness for these heights
on such preperiodicity sets, extending works of Call and Silverman [3]
and Kawaguchi [7, 8] in Section 4.
Lastly, Section 4 is also place for extending [1, Theorem 1.10]. This
result says that if f ∈ K(X) has degree at least 2 and F (T1, ..., Tk) =∑r
i=1 ci
∏
j∈Ji
Fj with J1 ∪ ... ∪ Jr = {1, ..., k} a disjoint partition and
c1, ..., ck ∈ K
∗, then the set of α ∈ K such that there exist positive
integers n1 < n2... < nk satisfying F (f
(n1)(α), ..., f (nk))(α)) = 0 is a set
of bounded height, and there are only finitely many possible values of
n1, ..., nk that satisfy such equation. We extend this result for A
N(K)
as a ring and F a more general polynomial with split variables. For
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this, we use the ideas of [1] with properties from the canonical heights
of [7, 8]. We finish Section 4 with simple semigroup extensions of some
results of [9] that have some flavour of Section 3, now also related
to Latte`s maps. For this we use properties of canonical heights and
previous results.
2. preliminaries
2.1. Notation, convention and definitions. Throughout the pa-
per, we use the following notations:
• U the set of all roots of unity in C.
• K is a number field.
• ML the finite set of places for the number field L.
• K¯ is an algebraic closure of K.
• Kc = K(U) the cyclotomic closure of K.
• AN(L) = LN the N -dimensional affine space with coordinates
in the field L, endowed with the usual sum and product done
coordinate by coordinate, multiplicative inversion for elements
with non-zero coordinates done by the inversion of each coor-
dinate, and the standard multiplication by scalars from L.
• GNm(L) = {(x1, ..., xN) ∈ A
N(L)|xi 6= 0, i = 1, ..., N}.
• PN(L) the N -dimensional projective space with coordinates in
the field L.
• (a1, ..., aN) 7→ (a1, ..., aN , 1) a standard embedding from A
N(L)
to PN (L).
• F˜ = (f1, ..., fN , X
degF
N+1 ) the standard extension or lift of F =
(f1, ..., fN) : A
N → AN to a map from PN to PN , for PN with
coordinates X1, ..., XN+1.
• F = {F1, ..., Fs} a set of distinct morphisms from A
N(K) to
AN(K) of degrees di ≥ 2, given by Fi = (fi1, ..., fiN), fij ∈
K[X1, ..., XN ] with maxj deg fij ≥ 2, i = 1, ..., s.
• F1 = F ,Fk =
⋃s
i=1 Fi(Fk−1), k ≥ 2, and OF(P ) = {F (P )|F ∈⋃
k≥0Fk} the orbit of P ∈ A
N(K¯).
• HA the set of points in A
N(K¯) that have algebraic integer co-
ordinatesand with house at most A.
Definition 2.1. For P = (x1, .., xN) ∈ A
N(Q¯) and |.|v an absolute
value on the field of definition Q(P ) of P , we define
|P |v := max{|x1|v, ..., |xN |v}
and
|σ(P )| := max{|σ(x1)|, ..., |σ(xN)|}
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for each Galois conjugate σ acting on the Galois closure of Q(P ) over
Q, so that the house of P is defined as
P = max
σ
|σ(P )|,
for σ in the same range.
Definition 2.2. For f =
∑
I aIX
I ∈ Q¯[X1, ..., XN ], |.|v an abso-
lute value on the field of definition of f , and σ Galois conjugate σ
acting on the Galois closure of such field over Q, we define |f |v :=
maxI{|aI |v}, σ(f) =
∑
I σ(aI)X
I and |σ(f)| = maxI{|σ(aI)|}. For G
a finite set or uple of polynomials in Q¯[X1, ..., XN ], we define |G|v :=
maxf∈G |f |v and |σ(G)| := maxf∈G |σ(f)|.
Definition 2.3. We define the set of preperiodic points for F by
Π(F) := {P ∈ AN (Q¯)|Fik◦...◦Fi1 ∈ Fl(Fik◦...◦Fi1(P )) for k ≥ 0, l ≥ 1}.
Definition 2.4. The set F = {F1, ..., Fs} is said to satisfy the property
(*) if for any q ∈ Q¯[X,X−1]N , and F = (f1, ..., fN) ∈ F , we have that
log(deg F ) = O(1),
where the implied constant depends only on
max
i
#{non-constant terms of fi ◦ q}.
Remark 2.5. It is seen in [11] that such property is satisfied in the
univariate case for non-special sets of polynomials, making use of [11,
Lemma 2.9]. This implies naturally the validity of this property for sets
F of split polynomials of the form f1 × ...× fN : A
1 × ...× A1, with fi
univariate non-special polynomials.
2.2. Representation via linear combinations of roots of unity.
Lemma 2.6. [5, Theorem L] There exists a number B and a finite set
E ⊂ K with #E ≤ [K : Q] such that any algebraic integer α ∈ Kc can
be written as α =
∑b
i=1 ciξi, where ci ∈ E, ξi ∈ U and b ≤ #E.R(α ),
where R : R→ R is any Loxton function.
2.3. Size of elements in orbits.
Lemma 2.7. Let F : AN → AN be a morphism defined over Q, so
that its extension to PN is given by a (n + 1)-tuple F˜ = (f˜1, ..., f˜N+1)
of homogeneous polynomials of degree d having no common zero. Then
there are positive constants C,D and a finite set GF of polynomials
defined over Q such that
Cǫ(v)|GF |
−1
v |P |
d
v ≤ |F (P )|v ≤ D
ǫ(v)|F |v|P |
d
v
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for all P ∈ AN(Q), v ∈MK with K a sufficiently large number field in
which all the objects above are defined, ǫv = 0 if v is finite and ǫv = 1
if v is infinite.
Moreover, if the polynomials f˜1, ..., f˜N+1 have a set Z of common
zeros in PN , and X ⊂ AN is an affine variety over Q¯ whose closure in
PN does not intersect Z and such that F (X) ⊂ X, then the same kind
of result is true for X in place of AN(Q¯).
Proof. This fact is shown in the proof of [15, Theorem 5.6], and the last
part/paragraph of the statement is shown in the proof of [6, Theorem
B.2.5 (b)]. 
Lemma 2.8. Let Fi : A
N → AN , i = 1, ..., s, be morphisms defined
over K of degrees di ≥ 2, and let P ∈ A
N (Q) such that
|P |v > max
i
{1, |GFi|v}
for some non-archimedean absolute value |.|v extended to Q, where GFi
is given by Lemma 2.7. Then
|Fin ◦ ... ◦ Fi1(P )|v > |Fin−1 ◦ ... ◦ Fi1(P )|v
for all i1, ..., in ∈ {1, ..., s}, n ≥ 1
Proof. By Lemma 2.7 and the statement hypothesis, we can see that
|P |v < |GFi|
−1
v |P |
di
v ≤ |Fi(P )|v for each i.
Assuming the statement to be true for iterates up to n− 1, we have
|Fin−1 ◦ ... ◦ Fi1(P )|v > ... > |Fi1(P )| > |P |v
> max
i
{1, |GFi|v}.
Applying the argument as above with Fin−1 ◦ ... ◦ Fi1(P ) instead of P
yields the result. 
Lemma 2.9. Under the conditions of Lemma 2.8, let P ∈ AN(Q) such
that
|P |v > max
i
{1, C−1|GFi|v}
for some archimedean absolute value |.|v extended to Q. Then
|Fin ◦ ... ◦ Fi1(P )|v > |Fin−1 ◦ ... ◦ Fi1(P )|v
for all i1, ..., in ∈ {1, ..., s}, n ≥ 1
Proof. The proof follows the same lines as those of Lemma 2.8. 
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Lemma 2.10. Under the conditions of Lemma 2.8, supposing that the
polynomials in the sets GFi are also defined over K, let A ∈ R be
positive and define
L = max
σ
{
max
i
{1, C−1|σ(GFi)|}, A
}
,
where the maximum runs over all the embeddings σ of K in C. Let
P ∈ AN(Q) be such that for some k ≥ 1, and some i1, ..., ik ∈ {1, ..., s},
we have Fik ◦ ... ◦ Fi1(P ) ≤ A. Then Fil ◦ ... ◦ Fi1(P ) ≤ L for all
l < k.
Proof. In fact, assume that Fil ◦ ... ◦ Fi1(P ) > L for some l < k.
Then there is a conjugate σ(Fil ◦ ... ◦ Fi1(P )) such that |σ(Fil ◦ ... ◦
Fi1(P ))| > L. Since σ(Fil ◦ ... ◦ Fi1(P )) = σ(Fil ◦ ... ◦ Fi1)(σ(P )) =
σ(Fil) ◦ ... ◦ σ(Fi1)(σ(P )). Applying Lemma 2.9 for the morphisms
σ(Fik), ..., σ(Fil+1) and the point σ(Fil ◦ ... ◦ Fi1(P )), we conclude that
|σ(Fil ◦ ... ◦ Fi1(P ))| > A, which is a contradiction with our assump-
tion. 
Lemma 2.11. Under the conditions of Lemma 2.8, there exists a posi-
tive integer D, depending only on F1, ..., Fs such that for any i1, ..., in ∈
{1, ..., s} and P ∈ AN(Kc), if Fin◦...◦Fi1(P ) has algebraic integer coor-
dinates, then DP and DFir ◦ ... ◦Fi1(P ), r = 1, ..., n−1, have algebraic
integer coordinates.
Proof. For P ∈ AN(Kc), and Fin ◦ ... ◦ Fi1(P ) with algebraic integer
coordinates, we must have
|P |v, |Fir ◦ ... ◦ Fi1(P )|v ≤ max
i
{1, |GFi|v}
for r = 1, ..., n − 1, for otherwise we would have by Lemma 2.8 that
|Fin ◦ ... ◦ Fi1(P )|v > 1, but Fin ◦ ... ◦ Fi1(P ) has algebraic integer
coordinates. Therefore, choosing a positive integer D such that the
products between D and coefficients of the polynomials in GFi are all
algebraic integers for each i = 1, ..., s, we conclude that DP and DFir ◦
... ◦Fi1(P ), r = 1, ..., n− 1, have also algebraic integer coordinates. 
3. results on points of bounded house
Theorem 3.1. Let F = {F1, ..., Fs} be a set of distinct morphisms
from AN (K) to AN(K) of degrees di ≥ 2, whose lift’s components do
not have zero em common, and that satisfies property (*) 2.4. Then
the set of cyclotomic preperiodic points
Π(F)(Kc) = {P ∈ AN(Kc)|Fik◦...◦Fi1 ∈ Fl(Fik◦...◦Fi1(P )) for k ≥ 0, l ≥ 1}
is not Zariski dense.
NON-DENSITY, BOUNDED HOUSE AND HEIGHT IN PREPERIODICITY 7
Proof. Suppose that Π(F)(Kc) is Zariski dense. Then, given any large
M > 0 integer, we must have infinitely many P ∈ AN(Kc) satisfying
Fin ◦ ... ◦ Fi1(P ) = Fik ◦ ... ◦ Fi1(P ) with n > k and n > M . Thus,
there exist some fixed indices i1, ..., iM ∈ {1, ..., s} such that there are
infinitely many P ∈ AN(Kc) with
Fik ◦ ... ◦ Fi1(P ) ∈ Fℓ(FiM ◦ ... ◦ Fi1(P ))
for some k < ℓ+M, ℓ ≥ 1. Considering such a P , we have
Fik ◦ ... ◦ Fi1(P ) = FiM+ℓ ◦ ... ◦ FiM+1 ◦ FiM ◦ ... ◦ Fi1(P )
with iM+1, ..., iM+ℓ ∈ {1, ..., s}.
If k ≤ M , then composing the above identity with FiM ◦ ... ◦ Fik+1,
we obtain that
FiM ◦ ... ◦Fi1(P ) = FiM ◦ ... ◦Fik+1 ◦FiM+ℓ ◦ ... ◦FiM+1 ◦FiM ◦ ... ◦Fi1(P ).
Thus FiM ◦ ... ◦ Fi1(P ) ∈ Π(F)(K
c).
Let L be defined as in Lemma 2.10 with A = 1. Then we must have
FiM ◦ ... ◦ Fi1(P ) ≤ L, for otherwise, as in Lemma 2.10, there would
be an embedding σ such that |σ(FiM ◦ ...◦Fi1(P ))| > L, and by Lemma
2.9
|σ(FiM ◦ ... ◦ Fi1(P ))|
= |σ(FiM ◦ ... ◦ Fik+1 ◦ FiM+ℓ ◦ ... ◦ FiM+1 ◦ FiM ◦ ... ◦ Fi1(P ))|
> |σ(FiM ◦ ... ◦ Fi1(P ))|,
which is a contradiction.
Moreover, similar to Lemma 2.11, for any finite place v of the field
of definition of P , we have
|FiM ◦ ... ◦ Fi1(P ))|v ≤ max
i
{1, |GFi|v},
since otherwise {|Fir◦...◦Fi1(P ))|v}
∞
r=M is strictly increasing by Lemma
2.8. Thus, if D is such that the products between D and coefficients
of the polynomials in GFi are all algebraic integers for each i = 1, ..., s,
then DFiM ◦ ... ◦ Fi1(P ) has also algebraic integer coordinates.
if M < k < ℓ+M , then since Fik ◦ ... ◦Fi1(P ) ∈ Π(F)(K
c), as above
we obtain that Fik ◦ ... ◦ Fi1(P ) ≤ L, with L as in Lemma 2.10, and
thus FiM ◦ ... ◦ Fi1(P ) ≤ L, for any M < k by Lemma 2.9. Moreover,
as above, for any finite place v of a field of definition,
|Fik ◦ ... ◦ Fi1(P )|v ≤ max
i
{1, |GFi|v}.
Since M < k, we also have that
|FiM ◦ ... ◦ Fi1(P )|v ≤ max
i
{1, |GFi|v},
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since otherwise Lemma 2.8 would imply
|Fik ◦ ... ◦ Fi1(P )|v > |FiM ◦ ... ◦ Fi1(P )|v > max
i
{1, |GFi|v},
a contradiction. Therefore we may obtain a positive integer D such
that DFiM ◦ ... ◦ Fi1(P ) has algebraic integer coordinates.
We hence obtained that
(3.1) #{P ∈ AN(Kc)|DFiM ◦ ... ◦ Fi1(P ) ∈ HDL} =∞,
and by Lemmas 2.8 and 2.9, that
#{P ∈ AN (Kc)|DFir ◦ ... ◦ Fi1(P ) ∈ HDL} =∞, r = 0, ...,M.
Applying Lemma 2.6, there exists a number B and a finite set E ⊂ K
with #E ≤ [K : Q] such that for each P in the set above, such P
equals to
Fir◦...◦Fi1
(
B∑
j=1
c
(0)
1,jξ
(0)
1,j , ...,
B∑
j=1
c
(0)
N,jξ
(0)
N,j,
)
=
(
B∑
j=1
c
(r)
1,jξ
(r)
1,j , ...,
B∑
j=1
c
(r)
N,jξ
(r)
N,j
)
for r = 1, ...,M , where c
(r)
i,j ∈ E, ξ
(r)
i,j ∈ U. We can pick an infinite
subset of the infinite set above whose elements have fixed c
(r)
i,j ’s, not
depending on P from such infinite subset. Thus the variety defined by
FiM ◦ ... ◦ Fi1
(
B∑
j=1
c
(0)
1,jX
(0)
1,j , ...,
B∑
j=1
c
(0)
N,jX
(0)
N,j,
)
=
(
B∑
j=1
c
(M)
1,j X
(M)
1,j , ...,
B∑
j=1
c
(M)
N,j X
(M)
N,j
)
inside G2BNm has infinitely many torsion points , and this by the Torsion
Points Theorem[2, Theorem 4.2.2] leads to the identity
FiM ◦ ... ◦ Fi1
(
B∑
j=1
c
(0)
1,jζ
(0)
1,j t
e
(0)
1,j , ...,
B∑
j=1
c
(0)
N,jζ
(0)
N,jt
e
(0)
N,j ,
)
=
(
B∑
j=1
c
(M)
1,j ζ
(M)
1,j t
e
(M)
1,j , ...,
B∑
j=1
c
(M)
N,j ζ
(M)
N,j t
e
(M)
N,j
)
,
where ζ
(0)
i,j , ζ
(M)
i,j ∈ U for each i, j. Denoting the inner N -uple in the
left-hand side of the expression above by q(t) ∈ Q¯[t, t−1]N , we have by
the property (*) as defined in 2.4 that
M ≪B 1.
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Then M must be bounded, contradicting M being large enough, and
then Π(F)(Kc) is contained in the zero set of a finite set of polynomials,
and thus is not Zariski-dense, deriving a contradiction. 
Corollary 3.2. Let X ⊂ AN be an affine variety, and F = {F1, ..., Fs}
be a set of distinct morphisms from X to X of degrees di ≥ 2 whose
lift’s components common zero set does not intersect the closure of X
in PN , and that satisfies property (*) 2.4. Then the set of cyclotomic
preperiodic points
{P ∈ X(Kc)|Fik ◦ ... ◦ Fi1 ∈ Fl(Fik ◦ ... ◦ Fi1(P )) for k ≥ 0, l ≥ 1}
is not Zariski dense.
Proof. The proof follows the same procedure of Theorem 3.1’s proof,
but making use of the last part of Lemma 2.7 instead. 
Proposition 3.3. Let F = {F1, ..., Fs} be a set of distinct morphisms
from AN (K) to AN(K) of degrees di ≥ 2, whose lift’s components do
not have zero em common, and that satisfies property (*) 2.4. Let
A ≥ 1, and suppose that Fi((K
c)N ) ∩HA is not Zariski dense for each
i = 1, ..., s. Then the set{
P ∈ AN(Kc)|
⋃
k≥0
Fk(P ) ∩HA 6= ∅
}
is not Zariski dense.
Proof. Since
⋃
i≤s Fi((K
c)N) ∩ HA is not Zariski dense by the hypoth-
esis, if F (P ) ∈ HA for some F ∈ Fk, then P ∈ F
−1(Fi((K
c)N) ∩ HA),
which is not dense in the Zariski topology. Therefore, if the set of the
statement is Zariski dense, one may suppose that for any M there are
infinitely many P ∈ AN(Kc) such that
Fl(FiM ◦ ... ◦ Fi1(P )) ∩HA 6= ∅
for some certain indices i1, ..., iM and arbitrarily large l ≥ 1. By Lemma
2.11, there exists a positive integer D depending only on F1, ..., Fs such
thatDFiM ◦...◦Fi1(P ) for infinitely many P ∈ (K
c)N , and as in Lemma
2.10, DFiM ◦...◦Fi1(P ) has house at most DL for a certain L. Therefore
#{P ∈ AN(Kc)|DFiM ◦ ... ◦ Fi1(P ) ∈ HDL} =∞
and from this point on, we proceed as in 3.1. 
Definition 3.4. For A ≥ 1, and P ∈ AN (Q), we define
Ln,A(F ;P ) =
{
n∑
k=0
s∑
i1,...,ik=1
γi1...ikFik ◦ ... ◦ Fi1(P )|γi1...ik ∈ HAdn
}
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where F1, ..., Fs all have degree d and set
ΣA(F) = {P ∈ A
N(Q)|Fn(P ) ∩ Ln−1,A(F ;P ) 6= ∅ for some n ≥ 1}.
Theorem 3.5. Let F = {F1, ..., Fs} be a set of distinct morphisms
from AN(K) to AN(K) of degree d ≥ 3, whose lift’s components do not
have zero em common, let A ≥ 1, and suppose that the polynomials in
the sets GFi are also defined over K. Then ΣA(F) is a set of bounded
house, and there exists a positive integer E, depending only on F and
K, such that EΣA(F) is a set of algebraic integers.
Proof. We consider C to be the smallest among the C’s coming from
Lemma 2.7 applied to each σ(Fi), i = 1, ..., s, σ : K → C embedding,
and D to be the maximum among the D’s from the same Lemma
applied to each σ(Fi) in the same range as well. We also choose m ≥ 1
such that C|σ(GFi))|
−1 > 1/m for every embedding σ : K → C and
i = 1, ..., s. Making
M := max
σ:K→C
{2sm2A +max
i
{D|σ(Fi)|}},
suppose that |σ(P )| > M for certain fixed σ : K → C and P ∈ ΣA(F).
In this case we have
C|σ(GFi))|
−1|σ(P )|d > |σ(P )|d/m,
implying that
|σ(Fi)(P )| ≥ C|σ(GFi))|
−1|σ(P )|d > |σ(P )|d/m > M,
and hence that
|σ(Fin ◦ ... ◦ Fi1(P ))| >
|σ(P )|d
n
m1+...dn−1
>
|σ(P )|d
n
m2dn−1
.
On the other hand, |σ(Fi)(P )| ≤ D|σ(Fi)||σ(P )|
d, and then
|σ(Fjk ◦ ... ◦ Fj1(P ))| ≤ D|σ(Fjn)|(D|σ(Fjn)|)
d...(D|σ(Fjn)|)
dk−1|σ(P )|d
k
< |σ(P )|1+...d
k
≤ |σ(P )|2d
k
.
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We thus obtain
|σ(Fin ◦ ... ◦ Fi1(P ))| =
∣∣∣∣∣
n−1∑
k=0
s∑
j1,...,jk=1
σ(γj1,...jk)σ(Fjk ◦ ... ◦ Fj1(P ))
∣∣∣∣∣
≤ Ad
n−1
n−1∑
k=0
s∑
j1,...,jk=1
|σ(γj1,...jk)σ(Fjk ◦ ... ◦ Fj1(P ))|
≤ Ad
n−1
n−1∑
k=0
s∑
j1,...,jk=1
|σ(P )|2d
k
≤ 2Ad
n−1
sn−1|σ(P )|2d
n−1
.
Noting that, for d ≥ 3 and |σ(P )| > M > 2sm2A, one has
|σ(P )|d
n
m2dn−1
=
|σ(P )|d
n−2dn−1
m2dn−1
|σ(P )|2d
n−1
≥
(
|σ(P )|
m2
)dn−1
|σ(P )|2d
n−1
> (2sA)d
n−1
|σ(P )|2d
n−1
> 2Ad
n−1
sn−1|σ(P )|2d
n−1
,
we have a contradiction, so P is bounded by M , and the first part of
the result is proved.
Moreover, suppose that
|P |v > max
i,j=1,...,s
{|Fi|v, |GFj |v}
From Lemma 2.7, we similarly have that |Fi(P )|v ≥ |GFi|
−1
v |P |
d
v, and
then
|Fin ◦ ... ◦ Fi1(P )|v ≥ |GFi|
−1...|GFi|
−dn−1 |P |d
n
v
≥ |GFi|
−1|P |v...(|GFi|
−1|P |v)
dn−1 |P |
dn− d
n
−1
d−1
v
> |P |
dk+1−1
d−1
v
= (|P |v|P |
d
v...|P |
dk−1
v )|P |
dk
v
> |Fjk|v...|Fj1|
dk−1
v |P |
dk
v
≥ |Fjk ◦ ... ◦ Fj1(P )|v,
for each k < n. On the other hand,
|(Fin ◦ ... ◦ Fi1(P )|v =
∣∣∣∣∣
n−1∑
k=0
s∑
j1,...,jk=1
γj1,...jkFjk ◦ ... ◦ Fj1(P )
∣∣∣∣∣
v
≤ max
0≤k≤n−1
{
max
1≤j1,...,jk≤s
|Fjk ◦ ... ◦ Fj1(P )|v
}
,
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yielding a contradiction, so |P |v ≤ maxi,j=1,...,s{|Fi|v, |GFj |v} and it is
enough to choose a positive integer E such that the coefficients of the
Fi’s and of the polynomials from the Gfi’s become algebraic integers
when multiplied by E. 
4. Canonical heights
Given a projective variety X over a number field K and L a line
bundle on X , a height function hX,L corresponding to L is fixed. Let
H be a set of morphisms f : X → X over K such that f ∗L ∼= L⊗df for
some integer df ≥ 2. For f ∈ H, we set
c(f) := supx∈X(K¯)
∣∣∣∣ 1df hL(f(x))− hL(x)
∣∣∣∣.
For f = (fi)
∞
i=1 a sequence with fi ∈ H, i.e, f ∈
∏∞
i=1H, we set
c(f) := supi≥1 c(fi) ∈ R ∪ {+∞}.
When c(f) < +∞, the sequence is said to be bounded. The property
of being bounded is independent of the choice of height functions cor-
responding to L.
Let B be the set of all bounded sequences in H, and for c > 0, we
define
Bc := {f = (fi)
∞
i=1 ∈ B|c(f) ≤ c}.
It is easy to see that if H is a finite set of self-maps on a projective
space, then any sequence of maps arising from H belongs to Bc for
some c.
In fact, for H = {g1, ...gk}, we set
(4.1) J = {1, ...k},W :=
∞∏
i=1
J, and fw := (gwi)
∞
i=1 for w = (wi) ∈ W.
If c := max{c(g1), ..., c(gk)}, then {fw |w ∈ W} ⊂ Bc.
We also let S :
∏∞
i=1H →
∏∞
i=1H be the shift map which sends f
= (fi)
∞
i=1 to
S(f) = (fi+1)
∞
i=1.
Then S maps B into B and Bc into Bc for any c.
For f = (fi)
∞
i=1 ∈
∏∞
i=1H and x ∈ X(K¯), making
f (n) := fn(fn−1(...(f1(x))),
the set
{x, f(1)(x), f(2)(x), f(3)(x), ...} = {x, f1(x), f2(f1(x)), f3(f2(f1(x))), ...}
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is called the forward orbit of x under f , denoted by Of (x). The point
x is said to be f -preperiodic if Of (x) is finite. If f = f1 = f2 = ....,
then the forward orbit is the forward orbit under f in the usual sense.
Lemma 4.1. [7, Theorem 3.3] Let X be a projective variety over K,
and L a line bundle on X. Let hL be a height function corresponding
to L, and f = (fi)
∞
i=1 a bounded sequence over K such that f
∗
i L
∼= L⊗dfi
for integers dfi ≥ 2
(1) There is a unique way to attach to the sequence f = (fi)
∞
i=1 ∈ B
a canonical height function
hˆf : X(K¯)→ R
such that
(i) supx∈X(K¯) |hˆf (x)− hL(x)| ≤ 2c(f).
(ii) hˆS(f)◦f1 = df1hˆf . In particular, hˆSn(f)◦fn◦ ...◦f1 = dfn...df1 hˆL,f .
(2) Assume L is ample. Then hˆf satisfies the following properties:
(iii) hˆf (x) ≥ 0 for all x ∈ X(K¯).
(iv) hˆf = 0 if and only if x is f-preperiodic.
We call hˆf a canonical height function (normalized) for f .
Under similar conditions of the previous lemma, namely, X is a
projective variety over K, L is a line bundle on X , H = {g1, ...gk},
g∗jL
∼= L⊗dgj , we have
g∗1L⊗ ...⊗ g
∗
kL
∼= L⊗(dg1+...+dgk).
Thus (X, g1, ..., gk) becomes a particular case of what we call a dynam-
ical eigensystem for L of degree dg1 + ... + dgk . For this, Kawaguchi
also proved that
Lemma 4.2. [8, Theorem 1.2.1] There exists the canonical height func-
tion
hˆH : X(K¯)→ R
for (X, g1, ..., gk, L) characterized by the following two properties :
(i) hˆH = hL +O(1);
(ii)
∑k
j=1 hˆH ◦ gj = (dg1 + ... + dgk)hˆH.
Moreover, if L is ample, then
{P ∈ X(K¯)|OH(P ) is finite } = {P ∈ X(K¯)|hˆH(P ) = 0}.
Lemma 4.3. [8, Proposition 4.1] Give J = {1, ..., k} the discrete topol-
ogy (each subset is an open set), and let ν be the measure on J that
assigns mass
dgj
dg1 + ...+ dgk
to j ∈ J . Let µ :=
∏∞
i=1 ν be the product
measure on W . Then we have, for x ∈ X(K¯), H = {g1, ...gk}, that
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hˆH(x) =
∫
W
hˆfw(x)dµ(w).
In particular,
|hˆH(x)− hL(x)| ≤ 2c and |hˆH(x)− hˆfw(x)| ≤ 4c
for all x ∈ X(K¯), w ∈ W , where c = max{c(g1), ..., c(gk)}.
Proof. The only thing different from the original statement of [7] is the
last part. The first inequality above is the first inequality after (4.1) in
the proof of [7, Proposition 4.1]. The second is derived from the first
and from Lemma 4.1. 
Theorem 4.4. Let X be a projective variety over K, and L a line
bundle on X. Let hL be a height function corresponding to L, and Let
F = {F1, ..., Fs} be a set of distinct morphisms from X to X over K ,
such that F ∗i L
∼= L⊗d an integer d ≥ 2. Then the set
{P ∈ X(Q)|Fn(P ) ∩ Fm(P ) 6= ∅ for some n 6= m}
is a set of bounded height hL.
Proof. We may suppose that φ ∈ Fn and ψ ∈ Fm are iterates of the
sequences Φ and Ψ from F respectively with n > m, satisfying φ(P ) =
ψ(P ). Here, we omit the subscript L for the hecanonical heights given
by the previous Lemmas for simplicity. Using Lemma 4.1, we have that
dnhˆΦ(P ) = deg(φ)hˆΦ(P ) = hˆS(nφ)Φ(φ(P )) = h(φ(P ))+O(1) is bounded
by a constant plus
h(φ(P )) = h(ψ(P ))
≤ hˆS(m)Ψ(ψ(P )) +O(1)
= deg(ψ)hˆΨ(P ) +O(1)
= dmhˆΨ(P ) +O(1).
implying that [
dn − dm.
hˆΨ(P )
hˆΦ(P )
]
hˆΦ(P ) ≤ O(1).
If hˆF(P ) ≥ 12c, as in Lemma 4.3, then hˆΦ(P ) ≥ 8c by Lemma 4.3 (b),
and thus by Lemma 4.1 (1) (i) and Lemma 4.2, hˆΨ(P )
hˆΦ(P )
≤ hˆΦ(P )+4c
hˆΦ(P )
≤ 3/2,
for P out of a set of bounded Weil height, so that we have that
[dn − dm3/2] hˆΦ(P ) = O(1).
And dn − dm3/2 ≥ dn − dn−13/2 ≥ dn−1/2 ⇐⇒ dn ≥ 2dn−1,in the
inequality above, it yields that
dn−1hˆΦ(P ) = O(1),
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and hence, apart from a set of points P of bounded Weil height, we have
hˆΦ(P ) = O(1). This gives the desired boundeness for the Weil height
treated, since by Lemma 4.1, O(1) is independent of Φ, depending only
on X,F and L. 
Remark 4.5. Apart from a similar set of bounded height with hˆF(P ) ≤
12c, as well as discarding preperiodic points with bounded height,
dn−1
2
inf
Φ,P
hˆΦ(P ) = O(1) =⇒ n = O(1),
so that n,m of the referred set will also be bounded.
Definition 4.6. Let Ti = (Ti1, ..., TiN), i = 1, ..., k be k N-uples of
variables. We define a generalized multilinear polynomial with split
variables to be a vector of polynomials
F (T1, ...,Tk) =
r∑
i=1
ci
∏
j∈Ji
Tj ∈ K[T1, ...,Tk]
for some disjoint partition J1 ∪ ... ∪ Jr = {1, ..., s} and ci ∈ (K
∗)N , i =
1, ..., r, where the sum and product are the polynomials sum and product
coordinate by coordinate.
Theorem 4.7. Let F (T1, ...,Tk) ∈ K[T1, ...,Tk] be a generalized mul-
tilinear polynomial with split variables and let F = {F1, ..., Fs} be a set
of distinct morphisms from AN(K) to AN(K) of degrees di > N , whose
components do not have zero in common.
(a) The set of P ∈ GNm(K) for which there exists a k-tuple of dis-
tinct non-negative integers (n1, ..., nk) and a sequence Φ from F with
Φ(ni)(P ) ∈ GNm(K) satisfying
F (Φ(n1)(P ), ...,Φ(nk)(P )) = 0
is a set of bounded height.
(b) If d1 = ... = dk = d ≥
3N + 2
2
, the set of P ∈ GNm(K) for which
there exists a k-tuple of distinct non-negative integers (n1, ..., nk) and
sequences Φ1, ...,Φk from F with Φ
(ni)
i (P ) ∈ G
N
m(K) satisfying
F (Φ
(n1)
1 (P ), ...,Φ
(nk)
k (P )) = 0
is a set of bounded height.
In particular, if N = 1, then the results are true also with A1(K) =
K in place of Gm(K) = K
∗
, when 0 belongs to the referred orbits.
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Proof. By assumption, the polynomial F has the form
F (T1, ...,Tk) =
r∑
i=1
ci
∏
j∈Ji
Tj
for some disjoint partition J1 ∪ ... ∪ Jr = {1, ..., s} and we can suppose
that n1 > ... > nk. Here we use heights and canonical heights with their
properties from the Lemmas 4.1 and 4.2 for L the usual hyperplane
section, so that hL = h usual logarithmic height, and we omit L for
the associated canonical heights. Hence
Φ(n1)(P ) =
∑r
i=2(−ci)
∏
j∈Ji
Φ(nj )(P )
c1
∏
j∈J1\{1}
Φ(nj )(P )
.
By some elementary properties of height functions including [6, Propo-
sition 8.7.2], this yields
h(Φ(n1)(P ))
≤ h
(
r∑
i=2
(−ci)
∏
j∈Ji
Φ(nj )(P )
)
+Nh

c1 ∏
j∈J1\{1}
Φ(nj)(P )


≤
r∑
i=2
(
h(ci) +
∑
j∈Ji
Φ(nj )(P )
)
+ log(r − 1)
+N

h(c1) + ∑
j∈J1\{1}
h(Φ(nj)(P ))


≤ N
(
k∑
j=2
h(Φ(nj )(P )) +
r∑
i=1
h(ci)
)
+ log(r − 1).
Hence,
hˆSn1Φ(Φ
(n1)(P ))
≤ N
(
k∑
j=2
hˆSnjΦ(Φ
(nj)(P )) +
r∑
i=1
h(ci)
)
+ log(r − 1) +O(1),
and then
(deg Φ(n1))hˆΦ(P )
≤ N
(
k∑
j=2
(deg Φ(nj))hˆΦ(P ) +
r∑
i=1
h(ci)
)
+ log(r − 1) +O(1),
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and
(
deg Φ(n1) −N
k∑
j=2
(deg Φ(nj))
)
hˆΦ(P )
≤ N
r∑
i=1
h(ci) + log(r − 1) +O(1).
We note that
deg Φ(n1) −N
k∑
j=2
(deg Φ(nj))
≥ deg Φ(n1) −N
k−1∑
i=1
(deg Φ(n1−i))
≥ deg Φ(n1)
[
1−N
(
k−1∑
i=1
1
di1
)]
≥ deg Φ(n1)
[
1−
N
d1
(
1− 1
dk−11
1− 1
d1
)]
≥
(deg Φ(n1))
dk−11
≥ dn1−k+11 ≥ 1,
since d1 > N and thus, P has bounded height from above, independent
of Φ, but only of F . Considering infP{hˆΦ(P )}, we can see that the nj ’s
can be bounded by a bound depending on Φ and similarly as it is said
in Remark 4.5, we can see that for P out of a set of bounded height,
infP{hˆΦ(P )} for P on such range is finite and the bound for the nj ’s
will not depend on Φ, but only on F , which proves the first part of the
Theorem.
On the other hand, for (b) if for some sequences Φ1, ...,Φk we have
Φ
(n1)
1 (P ) =
∑r
i=2(−ci)
∏
j∈Ji
Φ
(nj)
j (P )
c1
∏
j∈J1\{1}
Φ
(nj)
j (P )
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and n1 > ... > nk, then similarly one computes
h(Φ
(n1)
1 (P ))
≤ h
(
r∑
i=2
(−ci)
∏
j∈Ji
Φ
(nj )
j (P )
)
+Nh

c1 ∏
j∈J1\{1}
Φ
(nj)
j (P )


≤
r∑
i=2
(
h(ci) +
∑
j∈Ji
Φ
(nj )
j (P )
)
+ log(r − 1)
+N

h(c1) + ∑
j∈J1\{1}
h(Φ
(nj)
j (P ))


≤ N
(
k∑
j=2
h(Φ
(nj )
j (P )) +
r∑
i=1
h(ci)
)
+ log(r − 1).
Hence,
hˆSn1Φ1(Φ
(n1)
1 (P ))
≤ N
(
k∑
j=2
hˆSnjΦj (Φ
(nj)
j (P )) +
r∑
i=1
h(ci)
)
+ log(r − 1) +O(1),
and then
dn1hˆΦ1(P ) ≤ N
(
k∑
j=2
dnj hˆΦj (P ) +
r∑
i=1
h(ci)
)
+ log(r − 1) +O(1).
Since hˆΦj (P ) =
hˆΦj (P )
hˆΦ1(P )
hˆΦ1(P ) ≤ (3/2)hˆΦ1(P ) out of a set of bounded
height, it follows, on such range, that
(
dn1 − (3N/2)
k∑
j=2
dnj
)
hˆΦ1(P ) ≤ N
r∑
i=1
h(ci) + log(r − 1) +O(1).
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We note that
dn1 − (3N/2)
k∑
j=2
dnj ≥ deg Φ(n1) − (3N/2)
k−1∑
i=1
dn1−i
≥ dn1
[
1− (3N/2)
(
k−1∑
i=1
1
di
)]
≥ dn1
[
1−
3N
2d
(
1− 1
dk−1
1− 1
d
)]
≥
(dn1
dk−1
≥ dn1−k+1 ≥ 1,
and thus, P has bounded height from above, independent of the Φj ’s,
but only of F . Considering infP,Φ{hˆΦ(P )}, similarly as in Remark 4.5,
we can see that for P out of a set of bounded height, infP,Φ{hˆΦ(P )} for
P is finite and the bound for the nj ’s will not depend on Φ, but only
on F , which proves the second part of the Theorem.
Finally, if N = 1 and 0 = h(Φn(P )) for some sequence Φ, and n,
then one has that
h(P ) ≤ hˆΦ(P ) +O(1) = (deg Φ
n)−1hˆSnΦ(Φ
n(P )) +O(1)
≤ hˆSnΦ(0) +O(1)
≤ h(0) +O(1) = O(1),
concluding the proof. 
Let
PN(U) := {(x0, ..., xN) ∈ P
N(C)|xi ∈ U, i = 0, ..., N}.
Definition 4.8. Let φ : P1 → P1 be a rational map of degree at least
2. We say that φ is a Latte`s map if there are an elliptic curve E and
finite maps ǫ : E → E and π : E → P1 such that π ◦ ǫ = φ ◦ π.
We shall now derive some special conclusions of the flavour of 3.1
that aim to generalize [9, Theorem’s 27 and 34] and its corollaries to a
general semigroup dynamical system of several morphisms.
Theorem 4.9. Let F = {F1, ..., Fs} morphisms over C from P
N to PN
of degress at least 2 and φ : P1 → P1 a Latte`s map over C of degree at
least 2.
(a) If {P ∈ PN(U)|OF(P ) is finite } is dense and invariant under some
map F of the semigroup of F , then F has the form
D ◦ S ◦ αdeg F ,
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where Di is a diagonal matrix of finite order, S is a permutation matrix
and αdegF is the degF -th power morphism.
In particular, if hˆF = h, then each Fi has the form as above.
(b) If N = 1 and {P ∈ P1(Preper(φ))|OF(P ) is finite } is infinite and
invariant under some map F of the semigroup of F , then F is also a
Latte`s map and F and φ are associated with the same elliptic curve.
In particular, if hˆF = hˆφ, then each Fi is a Latte`s map and Fi and
φ are associated with the same elliptic curve.
Proof. Supposing the hypothesis of (a), we have that
Z = {P ∈ PN(U)|OF(P ) is finite }
is dense, lies inside of PN(U), and F (Z) ⊂ PN(U). Then [9, Theorem
34] implies the referred form for F . Moreover, if hˆF = h, then the last
part of Lemma 4.2 and the fact that h is in fact the canonical height
associated with any power morphism assures us that
{P ∈ PN(Q¯)|OF(P ) is finite } = P
N(U),
so that we are under the conditions of the first part of (a) with the
invariance condition satisfied for each Fi, i = 1, ..., s, giving the desired
result.
Supposing the hypothesis of (b), we have that
Z = {P ∈ P1(Preper(φ))|OF(P ) is finite }
is infinite, lies inside of P1(U), and F (Z) ⊂ P1(Preper(φ)). Then [9,
Theorem 27] implies the referred form for F . Moreover, if hˆF = hˆφ,
then the last part of Lemma 4.2 assures us that
{P ∈ P1(Q¯)|OF(P ) is finite } = Preper(φ),
so that we are under the conditions of the first part of (b) with the
invariance condition satisfied for each Fi, i = 1, ..., s, giving the desired
result. 
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